In this paper we propose a new passivity-based control technique for DC power networks comprising the so-called ZIP-loads, i.e., nonlinear loads with the parallel combination of unknown constant impedance (Z), current (I) and power (P) components. More precisely, we propose a novel passifying input and a storage function based on the so-called mixed potential function introduced by Brayton and Moser, leading to a novel passivity property with output port-variable equal to the first time derivative of the voltage. Differently from the existing results in the literature, where restrictive (sufficient) conditions on Z, P and the voltage reference are assumed to be satisfied, we establish a passivity property for every positive voltage reference and every type of load. Consequently, we develop a new decentralized passivity-based control scheme that is robust with respect to the uncertainty affecting the ZIP-loads.
Introduction
Loads in a power network can be broadly classified into two groups: nonactive and active loads. Common examples for nonactive loads are constant impedance (Z) and constant current (I) loads. More precisely, the voltage across a Z-load and the corresponding absorbed current satisfy a positive linear relationship, while an I-load varies its internal impedance in order to absorb a constant positive current regardless of the applied voltage. However, due to the advancement in power electronics in the past decade, a considerable percentage of the loads consists of active loads (e.g., motor drives, power converters and electronic devices), which often behave as constant power (P) loads (see for instance [1, 2] and the references therein). Specifically, independently of the applied voltage, a P-load varies its internal impedance in order to absorb a constant positive power (i.e., it has an intrinsic negative incremental impedance). Unfortunately, the presence of negative incremental impedance may cause voltage oscillations that impact the power quality or even lead to the M. Cucuzzella and K. C. Kosaraju network instability [1, 3] . Motivated by this and the growing research interest on Direct-Current (DC) microgrids (see for instance [4] [5] [6] [7] and the references therein), the main focus of this paper is the design and analysis of a robust control technique for DC networks comprising unknown ZIP-loads. Microgrids are indeed (low-voltage) electricity networks, wherein loads, sources and storage units require careful coordination [8] . Generally, microgrids can be AlternatingCurrent (AC) or DC networks. However, the advancement in power electronics technology together with the increasing number of DC sources and loads (e.g. photovoltaic panels, batteries, electronic appliances) are moving the interest towards DC microgrids, which are in some situations more efficient and reliable than AC microgrids [9] .
Literature review
The main control objective in (islanded) DC networks is voltage regulation, guaranteeing the network stability and a proper functioning of the connected loads [4, 5] . In the last decades, several controllers based on different techniques have been proposed in the literature, e.g., droop [10] , plug-and-play [11] [12] [13] , sliding mode [14, 15] and passivitybased [16, 17] controllers. However, these works do not include P-loads and, some of them, analyze the stability of the single converter or assume the network to be purely resistive.
In order to address the voltage destabilizing effect of the negative incremental impedance introduced by P-loads, several approaches have been proposed in the literature. A simple solution is to (sufficiently) increase the damping of the system by connecting a positive impedance in parallel to the P-load. In the literature, this technique is called passive-damping (see for instance [18, 19] and the references therein). However, besides increasing the size, weight and cost of the system, this method requires extra power for supplying the added impedance. As an alternative to the passive-damping technique, it is generally possible to design a feedback control that produces the effect of a virtual resistor and damps the voltage oscillations. This methodology is called activedamping (see for instance [16, 17, [20] [21] [22] [23] and the references therein).
More recently, energy-based approaches have been proposed in [6, [24] [25] [26] to analyze DC networks including ZIP-loads. More specifically, in [6] , the authors propose a consensus algorithm that is analyzed via Lyapunov functions inspired by the physics of the system, guaranteeing power consensus and preserving the geometric mean of the source voltages. In [24] , the authors provide a suitable port-Hamiltonian framework to model electrical circuits including ZIP-loads and investigate their shifted passivity properties. In [25] , the authors show that the controllers proposed in [11] passivate the generation and load units of a DC microgrid. However, (sufficient) conditions on Z, P and the voltage reference are assumed to be satisfied (see [6, Theorem 1] , [24, Section 5] and [25, Theorem 2] , respectively). In [26] , the authors propose an adaptive passivity-based control scheme that include an estimator of the power consumed by the P-load.
Main contributions
In this paper, we use passivity theory [27] [28] [29] to design and analyze a decentralized robust control scheme for DC networks comprising unknown ZIP-loads. More precisely, inspired by the theory developed in [30] [31] [32] [33] , we propose a novel passifying input and a storage function that lead, under a very mild assumption, to the establishment of a passivity property where the output port-variable is equal to the first time derivative of the voltage. Specifically, the passifying input includes (i) a feedforward action to compensate the voltage drop on the filter resistance and (ii) a damping injection by modification of the dissipative structure of the system. Specifically, the latter action is equivalent to add a (nonlinear) virtual resistor connected in parallel to the real P-load to compensate its negative incremental impedance. Then, we shape the closed-loop storage function such that it has a minimum at the desired operating point, where the network voltage is equal to the corresponding reference value.
We now list the main contributions of this work:
(1) Robustness: The proposed control scheme is decentralized, scalable and robust with respective to the uncertainty affecting the ZIP-loads and the power lines impedances. Moreover, the proposed control scheme does not require the implementation of observers to estimate the actual power absorbed by the P-loads.
(2) Passivity: We establish a passivity property with the output port-variable equal to the first time derivative of the voltage. As a consequence, we simply shape the closedloop storage function (introducing a function of the voltage) such that it has a minimum at the desired operating point. More precisely, we adopt the output-shaping technique introduced in [34] , where the integrated passive output is used to shape the closed-loop storage function.
(3) Less restrictive conditions: Differently from most of the existing results in the literature, where restrictive (sufficient) conditions on the load parameters and voltage reference are assumed to be satisfied, the considered DC network in closed loop with the proposed passifying input is passive for all the trajectories evolving in the subspace of the state-space where the voltage is positive (for every positive voltage reference and every type of load, even loads consisting of only the P component).
Organization of the paper
The paper is organized as follows. In Section 2, we review the Brayton-Moser (BM) formulation of resistive-inductivecapacitive (RLC) circuits and present a preliminary result, i.e., a novel family of BM descriptions and its passivity property, which is fundamental for establishing later the passivity property for the considered DC network. In Subsection 3.1, we present the model of a DC network including ZIPloads and show that it can be expressed as a BM system. Furthermore, in Subsection 3.2, we formulate the voltage regulation problem. In Subsection 4.1, we present and discuss some of the passivity properties proposed in the literature for DC networks, putting in evidence the corresponding limitations. In Subsection 4.2, we present our first main result, i.e., a novel passivity property for DC networks including unknown ZIP-loads. Based on the established passivity property, in Section 5, we present the second main result, i.e., the design and analysis of a new passivity-based control scheme that robustly stabilizes the DC network voltage to the corresponding desired value. Finally, we test our controller numerically in Section 6, and gather some conclusions and future research directions in Section 7.
Notation
The set of real numbers and strictly positive real numbers are denoted by R and R >0 , respectively. For a vector x ∈ R n and a symmetric and positive semidefinite matrix M ∈ R n×n , let x M := (x M x) 1/2 . If M is the identity matrix, then the Euclidean norm is denoted by x . Given a function f : R n → R, ∇ x f (x) ∈ R n denotes the partial derivatives of f (x) with respect to x, i.e., ∇ x f (x) := (∂f /∂x 1 , · · · , ∂f /∂x n ) . For symmetric matrices P, Q ∈ R n×n , P ≤ Q implies that Q − P is positive semidefinite. I n represents the identity matrix of order n, while '1' denotes the ones vector of appropriate dimension. The steady state solution to the systemẋ = ζ(x), is denoted by x, i.e., 0 = ζ(x). A constant signal is denoted
The argument of a function is omitted if it is clear from the context.
Brayton-Moser framework
In the early 1960s, Brayton and Moser developed an unified framework where the dynamics of a class of RLC electrical circuits are described by a gradient structure [30, 31] . In the literature, this property has been widely used for controlling and analyzing RLC circuits (see for instance [17, [32] [33] [34] [35] [36] [37] and the references therein).
In the next two subsections, for the readers' convenience, we recall some basic notions of the BM theory and its generalization through the generation of a family of BM descriptions, which will be used in Subsection 4.2 to establish a novel passivity property for DC networks including ZIPloads.
Preliminaries
Consider the class of topologically complete RLC circuits [38] with σ inductors, ρ capacitors and k ≤ σ (currentcontrolled) voltage sources u : R ≥0 → R k connected in series with the inductors. In [30, 31] , Brayton and Moser show that the dynamics * of this class of systems can be represented as follows:
where L ∈ R σ×σ and C ∈ R ρ×ρ are positive definite symmetric matrices with the inductances and capacitances as entries, respectively. The signals I : R ≥0 → R σ and V : R ≥0 → R ρ denote the currents through the σ inductors and the voltages across the ρ capacitors, respectively. The matrix B ∈ R σ×k is the input matrix and P : R σ × R ρ → R represents the so-called mixed potential function, which can be expressed as follows:
where the matrix Γ ∈ R σ×ρ captures the instantaneous power transfer between the storage elements (i.e., inductors and capacitors). The resistive content F : R σ → R and the resistive co-content G : R ρ → R capture the power dissipated for instance in the resistors connected in series to the inductors and in parallel to the capacitors, respectively. Compactly, the BM equations (1) can be expressed as follows:
where
. * For notational simplicity, the dependency of the variables on time is mostly omitted throughout this paper.
Generalized gradient structure
The mixed potential function (2) satisfieṡ
along the solutions to (3). Therefore, (4) implies that system (3) is passive with supply rate −ẋ B u, if the mixed potential function P is positive semi-definite and the matrix Q is negative semi-definite. Unfortunately, the class of systems that satisfies this property is small and restricted for instance to RL or RC circuits [35] . For the considered class of systems (3), it is indeed straightforward to verify that the symmetric part of Q is indefinite. However, in [30] , Brayton and Moser observed that it is possible to generate a new pair {Q A , P A } that preserves the gradient structure (3).
In this paper, differently from [32, 33] , we propose a novel family of BM descriptions and provide its complete characterization in the following proposition.
, system (3) can be (re)written as follows:
with λ and M such that (λI σ+ρ +∇ 2 x P(x)M ) has full rank.
PROOF. A straightforward computation shows that the solution to (3) precisely coincides with the solution to (5), i.e.,
Moreover, P A in (6b) satisfies Remark 1 (Novelty of (5)). Note that the particular structure of υ that we propose in (6d) generates a family of BM descriptions (5) different from the ones presented for instance in [32, 33] . The proposed structure plays indeed a major role in establishing the (novel) passivity property for DC networks including unknown ZIP-loads (see Theorem 2 in Subsection 4.2). More precisely, the term Q 0ẋ in (6d) is essential to counteract the effect of the P component.
As a direct consequence of Proposition 1, and in analogy with [32, 33] , the following preliminary result is presented.
Proposition 2 (Passivity property of (5)). Assume that the pair
is passive with respect to the storage function P A and supply rate −ẋ B A υ.
PROOF. Similarly to (4), the function P A in (6b) satisfieṡ
along the solutions to (5).
DC power network
In this section, we present the BM formulation of a DC network composed of n Distributed Generation Units (DGUs) connected to each other through m RL power lines. Then, after formulating the control objective, we introduce the only assumption of the paper, motivating its plausibility (see Remark 2) and discussing its technical implications (see Remark 3).
Model
A schematic electrical diagram of the considered DC network including a DGU and a transmission line is illustrated in Fig. 1 (see also Table 1 for the description of the used symbols). Each DGU represents for instance a DC-DC buck converter (including an output RLC low-pass filter) supplying an unknown load. By using the Kirchhoff's current and voltage laws, the equations describing the dynamic behavior of the DGU i are given by
Moreover, E i is the set of lines connected to the DGU i. The control input u i represents for instance the output voltage of a buck converter. The current shared among DGU i and DGU j through the line k is denoted by I tk , and its dynamic is given by
where L tk , R tk ∈ R >0 . Moreover, the term I li (V i ) in (7) represents the unknown current demanded by load i ∈ V and (generally) depends on the node voltage V i .
In this work, we consider a general nonlinear load model including the parallel combination of the following load components (see Figure 2 for the corresponding circuit representation):
(1) constant impedance:
constant current: I li = I * li , with I * li ∈ R ≥0 , and (3) constant power:
Accordingly, in the presence of a ZIP-load, I li (V i ) in (7) is given by
The symbols used in (7)- (9) are described in Table 1 .
The overall DC network is represented by a connected and undirected graph G = (V, E), where the nodes, V = {1, ..., n}, represent the DGUs and the edges, E = {1, ..., m}, represent the lines interconnecting the DGUs. The network topology is described by its corresponding incidence matrix B ∈ R n×m . The ends of edge k are arbitrarily labeled with a + and a −, and the entries of B are given by
Consequently, the overall dynamical system describing the network behavior can be written compactly for all the DGUs i ∈ V as follows:
The DC network (10) can be written in the BM structure (3)
(11b)
We recall now a well-known Bryaton and Moser's result concerning the stability of system (10).
Theorem 1 ( [30, Theorem 3] )
. System (10) with u = u * ∈ R n >0 is (non-oscillatory) asymptotically stable if R s , R t are positive definite, P * l ln V + ΓV → ∞ as V → ∞ and
We show in Sections 4 and 5 that the proposed control strategy asymptotically stabilizes system (10) independently from condition (12).
Problem formulation
In DC networks, the main control objective is to regulate the voltage across the load towards a desired reference value. Before introducing the control objective, we first show that for every constant input u = u * ∈ R n , the steady state solution to system (10) is the following:
We can now define the control objective concerning the steady state value of the network voltage, i.e.,
Objective 1 (Voltage regulation).
where V * i ∈ R >0 is the desired voltage value of node i ∈ V.
In DC networks, the value of the load parameters (i.e., Z * l , I * l and P * l ) are usually not known. As a consequence, it is desired to design a control scheme that does not require the information of the load parameters to achieve Objective 1. In Section 5, we present a passivity-based robust controller that requires (locally) the following system information.
For the sake of convenience, let Π := diag{π 1 , · · · , π n }. Then, the following inequality holds:
Remark 2 (Plausibility of Assumption 1). Note that R si and L si are typically components of the converter filter (see Subsection 3.1) and, consequently, design parameters † whose values are generally known. Additionally, Assumption 1 requires the knowledge of an upperbound of the power absorbed by the i-th P-load (i.e., P * li ). We notice that in practical applications the power absorbed by any load cannot be infinite and, as a consequence, Π in (15) 
Passivity properties
In this section we first briefly present and discuss some of the existing passivity properties for DC networks including ZIP-loads. Secondly, we establish a novel passivity property for system (10) , leading to the design in Section 5 of a robust passivity-based controller achieving Objective 1.
Existing passivity properties
There exists a vast amount of literature on possible passive maps for RLC networks (see for instance [24] [25] [26] 32, 33] and the references therein). In this subsection, we present some of these passivity properties and show their limitations and drawbacks. More precisely, differently from Assumption 1, to the best of our knowledge, the existing passivity properties require that the Z component of the ZIP load is strictly positive (i.e., Z * −1 li > 0 for all i ∈ V) and, additionally, restrictive (sufficient) conditions on Z * li , P * li and V * i are assumed to be satisfied for all i ∈ V.
Motivated by the well-known port-Hamiltonian representation of RLC circuits [40] , we first introduce the total energy † Design-oriented criteria are for instance developed in [39] for guaranteeing the stability of electric circuits including P-loads.
‡ Usually, energy end-users (e.g., industrial, commercial and residential applications) have an agreement on the maximum power that they can absorb from the network. stored in the considered DC network (10), i.e.,
The storage function (16) satisfieṡ
along the solutions to (10) . For the sake of convenience, we now define the set of all the solution to (10) characterized by positive voltages as follows:
Then, the following result holds.
Proposition 3 (Stored energy). System (10) is passive with respect to the storage function (16) and supply rate u I s , for all the trajectories (I s , I t , V ) ∈ X .
Remark 4 (Dissipation obstacle).
Note that because of the notorious dissipation obstacle § , the passivity property presented in Proposition 3 could be not useful for solving stabilization problem at non trivial operating points.
As an alternative to (16) , inspired by the BM theory [30, 31] , which we have briefly recalled in Section 2, the following result follows from [32, 33] .
Proposition 4 (Generalized mixed potential function). Assume that (λ, M ) ∈ R × R (2n+m) 2 satisfies P A ≥ 0 anḋ P A ≤ u İ s , for all the trajectories (I s , I t , V ) ∈ X , where P A is given by (6b), with P in (2) and Γ, F, G in (11b)-(11d). Then, system (10) is passive with respect to the storage function P A and supply rate u İ s , for all the trajectories (I s , I t , V ) ∈ X .
Remark 5 (Choice of λ and M ). Note that finding the pair (λ, M ) for the considered network (10) including ZIPloads (9) requires a nontrivial endeavor.
Alternatively, in [6, 24, 25] , the authors propose the Bregman distance associated to the total energy (16) as storage function, i.e.,
Cs .
(19) § For system with non-zero supply rate at the desired operating point, the controller has to provide unbounded energy to stabilize the system. In the literature, this is usually referred to as dissipation obstacle or pervasive dissipation [28, 29] .
Along the solutions to (10), the storage function (19) satisfieṡ
represents the equivalent conductance. Define now the following set:
Proposition 5 (Bregman distance). System (10) is (shifted) passive ¶ with respect to the storage function (19) and supply rate (u − u * ) (I s − I s ), for all the trajectories (I s , I t , V ) ∈ X B .
Remark 6 (Restrictive conditions on Z * li , P * li and V * i ). From (21) it straightforwardly follows that the absence of constant impedance loads makes the set X B empty and, consequently, the sufficient condition (I s , I t , V ) ∈ X B in Corollary 5 is not satisfied. More precisely, we notice that X B is empty if there exists at least a node, say node j, where Z * −1 lj = 0, j ∈ V. Moreover, the voltage reference V * i must satisfy the inequality V * i ≥ Z * li P * li , for all i ∈ V. However, we observe that in practical applications, the values of the load parameters are generally unknown and, even if they are estimated, the voltage reference cannot be chosen arbitrarily large. For all these reasons, in practical applications X B could be often empty and/or not contain the steady-state solution corresponding to the voltage reference V * i , i ∈ V.
More recently, for the sake of robustness, in [34, 43, 44] , the authors have proposed the following Krasovskii's Lyapunov function as storage function:
which satisfies, along the solutions to (10),
−2 represents the equivalent conductance. Define now the following set:
Proposition 6 (Krasovskii's Lyapunov function). System (10) is passive with respect to the storage function (22) and supply rateu İ s , for all the trajectories (I s , I t , V, u) ∈ X K . ¶ We refer to [41, 42] for further details on shifted passivity. In the next section, we propose a novel passifying input and a storage function based on the generalized mixed potential function (6b), leading to a passivity property for every type of load (even loads consisting of only the P component), for every positive voltage reference and for all the trajectories evolving in the subspace of the state-space where the voltage is positive, i.e., for every (I s , I t , V ) ∈ X , with X defined in (18).
A novel passifying input
In the previous section, we have shown that the passive output of the existing passivity properties for general RLC circuits is the current or its time derivative. However, from the dissipation inequalities (20) and (23), we can observe that in order to counteract the effects of the P-loads, it would be desired that the passive output is (function of) the voltage or its time derivative, allowing for the injection of extra damping into the controlled system. In the following theorem, inspired by the generalized BM structure presented in Proposition 1, we establish a new passivity property with output port-variable equal to the first time derivative of the voltage. This property is essential in Section 5 to design the proposed robust passivity-based control achieving Objective 1.
Theorem 2 (Novel passivity property). Let Assumption 1 hold. Given system (10), define the mapping u PBC : X → R n as follows:
where Q 0 : X → R n×(2n+m) . Consider the following mixed potential function:
where Γ and G(V ) are given by (11b) and (11d), respectively. Then, the following statements hold:
(i) Let υ ∈ R n . Consider the following input:
The closed-loop system (10), (27) is described by the generalized gradient structure (5) with input υ and mixed potential function (26) .
−2 . The closed-loop system (10), (27) is passive with respect to the storage function P A in (6b) and supply rate υ V , for all the trajectories (I s , I t , V ) ∈ X .
PROOF. Part (i).
Along the solutions to (10), P A in (6b) (with P given by (26)) satisfies
where in (6c) and (6d) we use
s }. Then, the generalized mixed potential function P A in (6b) (with P given by (26)) can be expressed as follows:
Furthermore,B A = [O n×(n+m) − I n ] and Q A in (6a) can be expressed as follows:
where, for every (I s , I t , V ) ∈ X , G Π := Z * −1 l
−2 represents the equivalent conductance and is positive semi-definite by virtue of Assumption 1. Therefore, Q A + Q A ≤ 0. Moreover, the generalized mixed potential function (29) satisfieṡ
along the solutions to (28) , implying that the closed-loop system is passive with port-variables υ andV .
Remark 8 (Novel passifying input).
The input u PBC in (25)
It is worth noting that the input (31) has a decentralized structure and the time derivative of the voltage can be robustly estimated in a finite time by implementing for instance the well-known Levant's differentiator [45] . Moreover, the term −L s Π[V ] −2 in (31) can be interpreted as the adaptive gain of a proportional action on the passive outputV (or, equivalently, the adaptive gain of a derivative action on the voltage error V − V * ). 
Robust Passivity-based control
In this section, we use the new passivity property established in Theorem 2 to design a controller that stabilizes the closed-loop system and achieves Objective 1 despite the uncertainty affecting the load components. As discussed in the previous section, usually, the output port-variable is (function of) the current or its first time derivative. Therefore, current controllers are often designed. However, evaluating the value of the current corresponding to the desired voltage reference, generally requires the complete knowledge of the load, which we reasonably suppose to be uncertain (see Assumption 1). In order to avoid this issue, we have established a passive map with the output port-variable equal to the first time derivative of the voltage. As a consequence, we simply shape the closed-loop storage function (introducing a function of the voltage) such that it has a minimum at the desired operating point. More precisely, we adopt the output-shaping technique introduced in [34] , where the integrated passive output is used to shape the closed-loop storage function.
Theorem 3 (Closed-loop stability). Let Assumption 1 hold. Given system (10), define the mapping u Stab : X → R n as follows:
. Then, the following statements hold:
n . Consider the following input:
with u PBC and u Stab given by (31) and (32), respectively. The closed-loop system (10), (33) is passive with respect to the supply rate µ V and storage function S d = P A + S a , with P A in (29) and S a defined as follows:
(ii) Consider the closed-loop system (10), (33) with µ equal to zero. Then, the equilibrium (I s , I t , V * ) ∈ X is asymptotically stable in X , with X defined in (18).
PROOF. Part (i).
Consider the storage function P A in (29) . Now, we use a function of the integrated output port-variable, i.e., S a : R n >0 → R defined in (34) , to shape the desired closed-loop storage function S d : X → R. More precisely, S d = P A + S a can be expressed as follows:
Moreover, along the closed-loop dynamics (10), (33) ,
withṖ A given by (30) 
s u Stab and u Stab given by (32) . Part (ii). System (10) in closed-loop with u = u PBC + u Stab becomeṡ
Now, we observe that S d in (35) is positive and attains a minimum at the (unique) equilibrium point (I s , I t , V * ) ∈ X of the closed-loop system (37) . Then, we use S d in (35) as a candidate Lyapunov function. Therefore, (36c) implies that there exists a forward invariant set Υ and by Lasalle's invariance principle the solutions that start in Υ approach to the largest invariant set contained in
On this invariant set, by differentiating the third line of (37), it follows thatİ s = 0. Moreover, from (37) , it also follows that V = V * , I s = I s and I t = I t .
Remark 9 (Control law). The control law (33) with µ = 0 can be written compactly as follows:
. ( −2 + K 2 ). Moreover, the voltage dynamics of node i ∈ V can be expressed as
implying that a nonlinear virtual resistor (with conductance π i /V , I * l and P * l , except for an upperbound of only the P component (see Remark 2) . However, the proposed controller is not robust with respect to uncertainty affecting the filter impedance R s L s (see Remark 2).
Numerical results
In this section, first we present an illustrative example to show the benefits of the passivity property established in Subsection 4.2 with respect to the shifted and Krasovskii's passivity properties discussed in Subsection 4.1. Secondly, we show the performance of the proposed control scheme on a DC network comprising four nodes with a ring topology.
Illustrative example
For the sake of exposition, consider as illustrative example a simple RLC (R s = 10 mΩ, L s = 1.12 mH, C s = 6.8 mF) circuit including a ZIP (Z * −1 l = 0.04 S, I * l = 10 A) load (see the scheme of DGU i in Figure 1) . The values assumed by the P component are reported in Table 2 together 
with the equivalent conductance
, evaluated at the desired voltage reference V * = 380 V. In (39), we select K 1 = 1, K 2 = 5 and Π = 10 × 10 3 W. The vector field of the closed-loop system is illustrated in Figure 4 , showing that (39) is a stabilizing control law. The solid black line represents the state-space trajectory starting from (40 A, 450 V), while the dashed black line represents the state-space trajectory starting from (40 A, 310 V). Moreover, Figure 4 shows the sets X B (the area above the dashed red line) and X K (the area above the solid red line) defined in (21) and (24), respectively. More precisely, when P * l is equal to 5 × 10 3 W (see Figure 4a ), the value of the equivalent conductance evaluated at the desired voltage reference is positive (see Table 2 ) and, therefore, there exists (I s , V * ) belonging to X B and X K . Indeed, it is straightforward to verify that the desired equilibrium point (I s = 38.36 A, V * = 380 V) is located above the red lines, where I s satisfies (13c). However, when P * l is equal to 6.5 × 10 3 W (see Figure 4b) , the value of the equivalent conductance evaluated at the desired voltage reference becomes negative (see Table 2 ) and, therefore, X B and X K do not contain the steady-state solution corresponding to the desired voltage reference V * . Also in this case, it is indeed straightforward to verify that the desired equilibrium point (I s = 42.31 A, V * = 380 V) is located below the red lines.
We can conclude from this simple example that the (sufficient) conditions imposed on the parameters and trajecto- ries of the system by the shifted and Krasovskii's passivity properties (see Propositions 5 and 6 in Subsection 4.1) can be very restrictive. Differently, the proposed passivity-based approach does not require any condition on the system parameters and allows the system trajectories to evolve in the subspace of the state-space where the voltage is (simply) positive.
DC network
The proposed decentralized control scheme is now assessed in simulation, considering a DC network comprising four nodes interconnected as shown in Figure 5 . The control gains in (39) are K 1 = 50 and K 2 = 200, and the parameters of each node and line are chosen as in [11] and reported in Tables 3 and 4 , respectively. For the sake of illustration, we show two different simulation scenarios.
Scenario 1 (ZIP-loads). In this scenario we consider that all the loads of the network are ZIP-loads. At the time in- stant t = 0.5 s, the value of the P-load is increased by ∆P * li (see Table 3 ). Figure 6 illustrates the time evolution of the system states, showing that the voltages are regulated towards the corresponding references (see Objective 1), independently from the load parameters. Moreover, in order to show the benefits of the passivity property established in Subsection 4.2 with respect to the shifted and Krasovskii's passivity properties discussed in Subsection 4.1, we report in Table 5 the values of the equivalent conductance evaluated at the voltage reference, i.e., G B (V
. Specifically, we observe that before changing the load parameters, the equivalent conductance is positive in each node, implying that the condition V * i ≥ P * li Z * li is satisfied for all i = 1, . . . , 4 (see Remark 6). However, after changing the load parameters, the equivalent conductance becomes negative and, therefore, X B and X K defined in (21) and (24) do not contain the steady-state solution corresponding to the desired voltage reference V * . Conversely, according to the theory developed in the previous sections, the proposed passivity-based controller (39) does not require any restriction on the system parameters and is robust with respect to load uncertainties. Scenario 2 (P-loads). In this second scenario we consider that all the loads of the network are P-loads. Differently from the existing passivity properties, which require (for sufficiency) the presence of Z-loads, Figure 7 , illustrates the time evolution of the system states, showing that the voltages are regulated towards the corresponding references (see Objective 1), independently from the load parameters. Indeed, as explained in Remark 9, the advantage of having established a passivity property with the output port-variable equal to the first time derivative of the voltage is the possibility to inject extra damping into the system, counteracting the effects of P-loads independently from the presence or absence of Z-loads.
If we apply for instance the controller proposed in [17, Subsection V.A], the closed-loop system becomes unstable when the value of the power absorbed by the P-loads is sufficiently large.
Conclusions and future works
In this paper we have addressed the notorious instability issue related to the presence of unknown constant power loads in DC networks. We have developed indeed a novel decentralized voltage control scheme that is robust with respect to the uncertainty affecting the loads parameters. More precisely, inspired by the theory developed by Brayton and Moser, we have proposed a novel passifying input and a storage function that lead, under a very mild assumption (which is generally reasonable for most DC networks), to the establishment of a passivity property where the output portvariable is equal to the first time derivative of the voltage. Moreover, differently from the existing results in the literature, where restrictive (sufficient) conditions on the load parameters and voltage reference are assumed to be satisfied, the considered DC network in closed-loop with the proposed passifying input is passive for all the trajectories evolving in the subspace of the state-space where the voltage is positive.
Interesting future research includes the extension of the proposed approach to DC networks with boost converters and the design of distributed controllers aimed at guaranteeing current or power sharing among the nodes.
